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Abstract
The objective of this paper is the proof of a conjecture of Kontsevich [1] on the isomorphism
between groups of polynomial symplectomorphisms and automorphisms of the corresponding
Weyl algebra in characteristic zero. The proof is based on the study of topological proper-
ties of automorphism Ind-varieties of the so-called augmented and skew augmented versions of
Poisson and Weyl algebras. Approximation by tame automorphisms as well as a certain singu-
larity analysis procedure is utilized in the construction of the lifting of augmented polynomial
symplectomorphisms, after which specialization of the augmentation parameter is performed
in order to obtain the main result.
1 Introduction
Let Wn,K denote the n-th Weyl algebra over a field K, which is by definition the
quotient of the free associative algebra
K〈a1, . . . , an, b1, . . . , bn〉
by the two-sided ideal generated by elements
biaj − ajbi − δij , aiaj − ajai, bibj − bjbi.
Let also Pn,K denote the commutative polynomial algebra K[x1, . . . , x2n] equipped
with the standard Poisson bracket
{xi, xj} = ωij ≡ δi,n+j − δi+n,j
(δij is the Kronecker symbol). We will call Pn,K the (commutative) Poisson al-
gebra. The Poisson algebra Pn is the classical counterpart of the Weyl algebra
Wn with respect to the deformation quantization. It is known that in the case of
the polynomial algebra, the deformation quantization admits a natural reverse pro-
cedure, which we will call anti-quantization, that allows one to construct classical
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objects (that is, objects in Pn or those defined by subsets of Pn) from quantized
ones. The correspondence takes a rather elaborate form in characteristic zero.
This paper is dedicated to the study of the following conjecture, proposed by
Kontsevich.
Conjecture 1.1. Whenever charK = 0, one has the following (canonical) isomor-
phism
AutWn,K ≃ AutPn,K.
The functor Aut returns the group of automorphisms of a K-algebra. Henceforth
we call the elements of AutPn,K polynomial symplectomorphisms, keeping in
mind the fact that this group is in natural one-to-one correspondence with the group
of polynomial automorphisms of the affine space A2nK which preserve the standard
symplectic structure. Conjecture 1.1 then states that in characteristic zero, the
group of Weyl algebra automorphisms is naturally isomorphic to the group of poly-
nomial symplectomorphisms.
In the work [1], various approaches to Conjecture 1.1 along with its generalizations
were considered. In particular, a group homomorphism
Φ : AutWn,C → AutPn,C
was constructed and its properties were analyzed. The morphism Φ is a candidate
for the isomorphism between the automorphism groups over C and is in fact identical
on the subgroups of so-called tame automorphisms. More precisely, a theorem
established in [1] asserts that the morphism Φ induces an isomorphism of tame
subgroups
Φ : TAutWn,C
∼
−→ TAutPn,C.
The construction of Φ goes back to Tsuchimoto [23] and relies on reduction of
the Weyl algebra to positive characteristic. The essence of the latter procedure,
which we will describe in the next section along with the definition of Φ, is the
representation of the ground field C as a reduced direct product, modulo a fixed non-
principal ultrafilter U on the index set, of algebraically closed fields Fp of positive
characteristic p
C ≃
(∏
p
Fp
)
/ U
with p running along an U-unbounded sequence of primes. This rather unusual
technique allows one to use the fact that in characteristic p the algebra
Wn,Fp ≃ Fp[x1, . . . , xn, d1, . . . , dn]
is Azumaya over its center; the center itself is the (commutative) polynomial algebra
generated by the p-th powers of algebra generators:
Fp[x
p
1, . . . , x
p
n, d
p
1, . . . , d
p
n]
and – crucially – possesses a Poisson bracket induced from the commutator in Wn.
The endomorphisms of Wn also preserve the center and so can be restricted to
this Poisson algebra to produce symplectic polynomial mappings; those can then
be re-assembled from the ultraproduct decomposition and returned to characteris-
tic zero, and the procedure is manifestly homomorphic. Note that this construc-
tion (specifically the ultraproduct decomposition of C) requires the ground field to
be algebraically closed, which, along with the assumption of Conjecture 1.1 that
charK = 0 allows one to set K = C without loss of generality. The approach to
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Conjecture 1.1 involving the morphism Φ, therefore, excludes the case of the rational
numbers as the ground field.
The main result of the present paper is as follows.
Theorem 1.2 (Main Theorem). The homomorphism
Φ : AutWn,C → AutPn,C
defined previously is a group isomorphism.
In order to prove that Φ is an isomorphism, one may try and construct its in-
verse. To do so, one needs to find a way to lift polynomial symplectomorphisms
to Weyl algebra automorphisms over C. A viable approach to this lifting problem
is made possible by the tame isomorphism property of Φ as stated above; indeed,
tame symplectomorphisms are lifted unambiguously, therefore if one could find a
suitable topology on AutPn,C, such that TAutPn,C were a dense subgroup, one
would represent arbitrary polynomial symplectomorphisms as limits of sequences of
tame symplectomorphisms and then make the limits of the pre-images under Φ of
those sequences into automorphisms of Wn,C. Such a topology does in fact exist
and is the so-called formal power series topology (or, as we sometimes refer to it,
augmentation topology) introduced in the classical work of Anick [5]. A symplectic
version of Anick’s approximation results also holds, as we have shown in our recent
work [6], so that the path to symplectomorphism lifting is seemingly clear.
The lifting procedure done in this way, however, results in certain complications.
The most obvious one is the fact that the lifted limit is an automorphism of the
power series completion of Wn, so that in order to complete the lifting one must
find a way to prove the polynomial character of such series. There is, however,
no straightforward way of doing so – certain topological properties which would
otherwise guarantee canonicity of the procedure are missing. One way around this
is the introduction of deformation (or augmentation) of the algebra and its Poisson
structure by a central variable h, so that
{pi, xj} = hδij
in the new algebra. This augmentation modifies (homogenizes) the Poisson struc-
ture to match the formal power series topology which defines tame approximation.
Furthermore, the Poisson structure can be further distorted by allowing non-zero
commutation of distinct generators, in such a way as to make the morphisms in
question continuous. The tradeoff of the augmentation approach is the need to spe-
cialize the new variable h (to h = 1) in order to return to the original conjecture
for non-augmented algebras. This is achieved by the extension of the domain of the
lifting map to points rational in the augmentation parameter. The procedure is not
at all trivial and requires the invertibility of mappings corresponding to points in
Aut (that is, it does not work with endomorphisms).
In order to obtain the stronger topological properties of tame approximation
(continuity of the loop morphism in the skew augmented case), we use a certain
singularity trick. In the broadest terms, it is a proof technique that allows one,
by examining orders of singularities of certain curves and their images under the
studied morphism, to obtain useful data on the morphism. The technique was
utilized in [26] as well as in the main text. It is not applicable in the non-augmented
case.
In [1], several generalizations of Conjecture 1.1 were studied. The most general
reformulation has to do with holonomic modules over the Weyl algebra (holonomic
D-modules) and is stated as follows.
3
Conjecture 1.3. There is a one-to-one correspondence between irreducible holo-
nomic D-modules over Wn and lagrangian subvarieties of the affine space (of corre-
sponding dimension).
One direction in the Conjecture 1.3 – namely the construction of a lagrangian
subvariety from a given holonomic module – has been accomplished by Bitoun [16]
and, independently, Van den Bergh [17], who gave a conceptually different proof.
Also, the one-dimensional case of Conjecture 1.3 was studied in [3].
Dodd [15] has established a number of far-reaching results of homological nature
which, as far as our understanding is, imply a version of Conjecture 1.3 (cf. Theorem
1, Corollary 2 and Theorem 3 of [15]). His argument is based on properties of the
so-called p-support, defined by Kontsevich in [8].
Our approach is different from Dodd’s and focuses mainly of the topological prop-
erties of automorphism ind-varieties. This technique is in line with the philosophy
of Shafarevich and his school.
Most of our analysis takes place over algebraically closed base field – in particular,
Tsuchimoto’s construction of the homomorphism Φ leads to an algebraically closed
”universal” base field of characteristic zero. However, in [1], a slightly different,
more general construction of a group homomorphism over the rationals is presented
– namely, it is proved in [1] that for R a commutative ring there exists a (unique)
group homomorphism
φR : AutWn,R → AutPn,R∞
where
R∞ = lim
→
(∏
p
R′ ⊗ Z/pZ /
⊕
p
R′ ⊗ Z/pZ
)
,
is the reduction modulo infinite prime. The image φR(f) is essentially (untwisted
by the Frobenius morphism) a collection of restrictions to centers of Weyl algebras
over mod p reductions of a finitely generated subring R′ ⊂ R over which the
automorphism f is defined. This construction is supposed to be the replacement of
φ[p] for the case of arbitrary base field of characteristic zero (or equivalently the field
Q of rational numbers). In light of that, one has the following statement (Conjecture
3 of [1]):
Conjecture 1.4. The image of φR belongs to
AutPn,i(R)⊗Q
where i : R→ R∞ denotes the tautological inclusion.
From that Conjecture a collection of constructible maps
φn,N : Aut
≤N Wn,Q → Aut
≤N Pn,Q
may be defined, as proved in [1]. These maps serve as generalizations of φ[p] (dealt
with in this paper) and constitute the conjectured canonical isomorphism of Con-
jecture 1.1. What this means for the ultrafilter construction considered here is that
a priori it is not known whether Φ is defined over the rationals. However, the in-
troduction of augmentation and augmented tame approximation should allow us to
circumvent this obstacle. The line of reasoning is as follows.
Firstly, the isomorphism of tame subgroups (Theorem 1 of [1]) continues to be
valid for the base field Q. Secondly, both in augmented and non-augmented cases,
tame approximation requires only characteristic zero to work, and therefore is valid
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over the rationals. In the augmented case, however, tame approximation is stronger
in the sense that the tame isomorphism is continuous in a neighborhood of the
identity map. Therefore, for Weyl Q-algebra automorphisms sufficiently close to the
identity one can take a well defined limit of the image under the tame isomorphism
of an arbitrary converging tame sequence. Thus defined mapping can be extended
to the whole space to yield a mapping which must coincide with the augmented
version of φR (for R = Q). One then specializes the augmentation parameters to
return to the non-augmented case. Most of the mechanics of the specialization, as
well as the proof of the Main Theorem, is adapted to this situation. Thus one should
be able to obtain the proof of Conjecture 1.1 by augmented tame approximation and
specialization, together with its canonicity (since the tame isomorphism is in fact
independent of infinite prime, cf. [4]).
From the above considerations as well as from the main ideas of the proof of the
Main Theorem, we therefore have the following
Theorem 1.5 (Main Theorem 2). The groups AutWn,Q and AutPn,Q are canoni-
cally isomorphic.
Furthermore, an elementary modification of the above line of reasoning leads to
the proof of the general case of Conjecture 1.1 – i.e. to the reformulation of Main
Theorem 2 with Q replaced by an arbitrary field of characteristic zero.
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2 Automorphism groups and the homomorphism Φ
We begin by making a few precise definitions of the varieties involved and then
proceed to explain the construction of the morphism Φ.
2.1 Basic definitions
The Weyl algebraWn,C is a free C-module; once the choice of generators is specified,
we fix the basis of the C-module consisting of monomials of the form
xk11 . . . x
kn
n d
l1
1 . . . d
ln
n ≡ x
KdL
(K and L are multi-indices) thus imposing an ordering of generators that requires
all x’s to be written ahead of all d’s.
Definition 2.1. We set every generator x and d to have degree one, and if f is an
element ofWn, its degree deg f is defined as that of its highest-degree monomial (this
definition does not depend on the ordering we fix due to the form of the commutation
relations).
Definition 2.2. If f is an element of Wn, its height is defined to be the degree of
its smallest-degree monomial, in the ordering we have fixed:
ht f = inf{deg xKdL : xKdL is in f with non-zero coefficient}.
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The height is obviously sensitive to the ordering of generators we work with. The
notions of degree and height are identical for the polynomial algebra Pn with the
added benefit of indifference toward the ordering.
Definition 2.3. If
(f1, . . . , fm)
is a finite set of polynomials (in Pn or in Wn), its degree is defined to be the largest
value of deg fk, while its height is the smallest value of ht fk,, when k = 1, . . . , m.
Any C-endomorphism ϕ of Wn (or Pn) is identified with the set of images
(ϕ(x1), . . . , ϕ(xn), ϕ(d1), . . . , ϕ(dn))
of the algebra generators. The degree and the height of ϕ are then defined as above.
The group AutWn,C admits a filtration by subsets
Aut≤N Wn,C = {ϕ ∈ AutWn,C : deg ϕ ≤ N}.
An identical definition holds for AutPn,C.
The sets Aut≤N Wn,C are in fact affine algebraic sets. Indeed, any element ϕ of
Aut≤N Wn,C is identified with a set of 2n polynomials as above. These in turn are
identified with an array of their coefficients, which together serve as coordinates of
a point in an affine space of sufficiently large dimension. The requirement for ϕ to
be an automorphism imposes constraints on these coordinates which obviously have
the form of polynomial equations. The same is true for Aut≤N Pn,C.
The sets Aut≤N Wn,C are connected by means of the obvious embeddings
Aut≤N Wn,C → Aut
≤N+1Wn,C
which are Zariski-closed; the colimit of the inductive system of these mappings is of
course the entire group AutWn,C. The same holds for AutPn,C.
Finally, the power series topology is defined as follows. Let us for definiteness
consider Pn (whose generators we briefly refer to as z1, . . . z2n), and let
I = (z1, . . . , z2n)
be the ideal spanned by all its generators (we call it the augmentation ideal).
Definition 2.4. For any positive integer N , define the subgroups of AutPn,C:
HN = {ϕ ∈ AutPn,C : ϕ(zi) ≡ zi (mod I
N)}.
The elements ofHN are automorphisms which are identity modulo terms of height
at least N . This specifies a proper system of neighborhoods of the neutral element of
AutPn,C and therefore defines a topology, which we refer to as the augmentation
topology or, alternatively, power series topology (due to its being effectively
the power series topology of Pn induced by I
N). An analogous definition is made
for Wn.
Definition 2.5. The rank of an endomorphism, rank(ϕ), is defined as the height
ht(ϕ− Id)
where the difference between endomorphisms is an endomorphism obtained by taking
the difference between the images of the generators.
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The rank measures how close the endomorphism is to the identity morphism. If
ϕ has rank N , then ϕ is identity modulo IN as defined above.
In the sequel, we will work exclusively with automorphisms of height at least one:
indeed, it suffices to prove the version of the Main Theorem for the subgroups of
automorphisms with zero free term, as translations will then allow to reconstruct
the isomorphism for every point. This is needed for the sake of approximation in
the power series topology which we will discuss in the next subsection.
2.2 Tame automorphisms
Suppose first that K[x1, . . . , xn] is the polynomial algebra over a field K, and let ϕ
be an automorphism of this algebra.
Definition 2.6. We call ϕ an elementary automorphism, if it is of the form
ϕ = (x1, . . . , xk−1, axk + f(x1, . . . , xk−1, xk+1, . . . , xn), xk+1, . . . , xn)
with a ∈ K×.
Observe that linear invertible changes of variables – that is, transformations of
the form
(x1, . . . , xn) 7→ (x1, . . . , xn)A, A ∈ GL(n,K)
are realized as compositions of elementary automorphisms.
Definition 2.7. A tame automorphism is, by definition, an element of the subgroup
TAutK[x1, . . . , xn] generated by all elementary automorphisms. Automorphisms that
are not tame are called wild.
All automorphisms of K[x, y] are tame [10, 11]; whether all automorphisms of
K[x1, . . . , xn] (with n even) are tame is unknown, but for n = 3 the celebrated
Nagata’s automorphism is an example of an automorphism which is not tame [19,20].
Similarly, the group of tame symplectomorphisms TAutPn,K is defined as the
subgroup of those tame automorphisms of K[x1, . . . , xn, p1, . . . , pn] that preserve the
Poisson bracket. If ϕ is an elementary automorphism of K[x1, . . . , xn, p1, . . . , pn],
then in order to preserve the symplectic structure, it clearly must be either a linear
symplectic change of generators:
(x1, . . . , xn, p1, . . . , pn) 7→ (x1, . . . , xn, p1, . . . , pn)A
with A ∈ Sp(2n,K) a symplectic matrix, or an elementary transformation of one of
two following types:
(x1, . . . , xk−1, xk + f(p1, . . . , pn), xk+1, . . . , xn, p1, . . . , pn)
and
(x1, . . . , xn, p1, . . . , pk−1, pk + g(x1, . . . , xn), pk+1, . . . , pn).
The subgroup of tame symplectomorphisms TAutPn,K is the group generated by
such elementary symplectomorphisms.
The definition of the group TAutWn,K of tame automorphisms of the Weyl al-
gebra mirrors that of tame symplectomorphisms, with the commuting generators pi
replaced by di. We also note that in all cases, we do not include in our definition of
automorphism those mappings that allow the images ϕ(x) to contain a non-zero free
part (an element in the span of the unit). This omittance is evidently not significant
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to our present discussion. In particular, the polynomials that define the elementary
automorphisms as above have zero free term.
The notion of tame automorphisms provides an excellent tool for approximating
arbitrary polynomial automorphisms. Classical results in this regard were estab-
lished by Anick [5]. More specifically, let ϕ ∈ AutK[x1, . . . , xn] be an automorphism
of the polynomial algebra.
Definition 2.8. We say that ϕ is approximated by tame automorphisms if there is
a sequence
ψ1, ψ2, . . . , ψk, . . .
of tame automorphisms such that
ht((ψ−1k ◦ ϕ)(xi)− xi) ≥ k
for 1 ≤ i ≤ n and all k sufficiently large. In other words, an automorphism is
approximated by a sequence of tame automorphisms if there is such a sequence that
converges to this automorphism in power series topology.
Observe that any tame automorphism ψ is approximated by itself – that is, by a
stationary sequence ψk = ψ.
The following theorem is true.
Theorem 2.9. Let ϕ = (ϕ(x1), . . . , ϕ(xn)) be an automorphism of the polynomial
algebra K[x1, . . . , xn] over a field K of characteristic zero, such that its Jacobian
J(ϕ) = det
[
∂ϕ(xi)
∂xj
]
is equal to 1. Then there exists a sequence {ψk} ⊂ TAutK[x1, . . . , xn] of tame
automorphisms approximating ϕ.
As it turns out, this theorem of Anick has an analogue in the symplectic setting,
which we have proved recently. The theorem is a natural idea in the construc-
tion of the inverse homomorphism in Conjecture 1.1, however approximation in the
augmented setting is required to properly define the lifting.
Theorem 2.10. Let σ = (σ(x1), . . . , σ(xn), σ(p1), . . . , σ(pn)) be a symplectomor-
phism of K[x1, . . . , xn, p1, . . . , pn] with unit Jacobian. Then there exists a sequence
{τk} ⊂ TAutPn(K) of tame symplectomorphisms approximating σ.
The proof is detailed in [6]. The theorem states that the subgroup of tame sym-
plectomorphisms is dense in augmentation topology in the group of all polynomial
symplectomorphisms.
2.3 Augmented and skew Weyl and Poisson algebras
In the proof of our main result we make use of the augmented (deformed, or quan-
tized) versions of Wn and Pn, which we now define. In order to deform the Weyl
algebra Wn, we introduce the augmentation parameter h and modify the commuta-
tor between d and x by setting
[di, xj ] = hδij .
Alternatively, one can start with the free algebra K〈a1, . . . , an, b1, . . . , bn, c〉 and take
the quotient with respect to the following set of identities:
aiaj − ajai, bibj − bjbi , biaj − ajbi − δijc, aic− cai, bic− cbi.
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The quotient algebra, which we denote by W hn (or W
h
n,K to indicate the base field)
is the augmented Weyl algebra.
Similarly, we may distort the Poisson bracket of Pn:
{pi, xj} = hδij
to reflect the augmentation ofWn intoW
h
n in the classical counterpart. (Here we have
renamed the generators zi into xi and pi, according to their behavior with respect to
the Poisson bracket. The notation is standard.) The resulting polynomial algebra
will be denoted by P hn .
The algebras W hn and P
h
n are connected by an analogue of the Kontsevich homo-
morphism (which is constructed for the non-augmented case below).
In order to create a situation in which the power series topology is well re-
spected by the morphisms, we distort the augmentation further by introducing a
pair of skew augmented algebras W hn,C[kij] and P
h
n,C[kij ] (which correspond to the
h-augmented Weyl and Poisson algebras, respectively).
These are defined as follows. Let the augmented Poisson generators be denoted
by ξi with 1 ≤ i ≤ 2n and let [kij ] be an antisymmetric matrix of central variables.
The algebra P hn,C[kij ] is generated by 2n commuting variables ξi, the augmenta-
tion variable h and the variables [kij] (thus being the polynomial algebra in these
variables); the Poisson bracket is defined on the generators ξi:
{ξi, ξj} = hkij.
The bracket of any element with h or with any of the kij is zero. The skew version
of the algebra Wn,C is defined analogously.
It is for these auxiliary algebras that the analogue of the Kontsevich conjecture
can be proved. Once that is done, the proof of the main results is finalized by the
specialization argument. As we shall see, this final step will require the extension of
the lifting map to points rational in h; we note, however, that tame approximation
in the h-augmented and skew augmented cases is polynomial in h.
From the standpoint of our context, much of the theory of the Weyl and Poisson
algebras remains unchanged by the augmentation as well as by skew augmentation:
the construction of the homomorphism Φ is identical, the proof of the fact that
Φ is a morphism of the normalized varieties is essentially the same, and the tame
augmented symplectomorphism approximation for the h-augmented algebra is es-
tablished in a way almost identical to the one presented in [6] – the h-augmented
version of Theorem 2.10 is valid. What does change is the behavior of Φ with re-
spect to the approximation in the skew case, as the deformed version of Φ will be
continuous in the power series topology. This is the main point of the augmentation.
2.4 Approximation and the singularity trick
The proof of Propositions 3.3 and utilizes a certain ”singularity trick”. Essentially it
is a technique that, by examining certain curves in Aut, allows one to efficiently con-
trol the height of the higher-degree terms in an automorphism and its image under
Φ which is near the identity automorphism. In the main text, the two statements
that comprise this technique are Lemma 3.6 and Proposition 3.4.
The idea of Poisson (and Weyl) structure augmentation, which enables the proof
of the Main Theorem, and the singularity trick complement each other and consti-
tute the cornerstone of our approach to the polynomial symplectomor-
phism quantization (lifting) problem by way of enabling a stronger form of
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tame approximation. This advantage is offset by the need to specialize the defor-
mation parameters (Planck constant) in order to return to the non-augmented case,
as well as by the necessity to introduce the general form of commutation relations
(which we call skew augmented algebra structure, owing to its antisymmetry) how-
ever the specialization can be proven correct, as in the last part of the proof of the
Main Theorem.
The singularity trick is rather useful when dealing with direct systems of varieties
equipped with the power series topology. It was first introduced in our prior paper
[26] (Theorem 3.2, Lemma 3.5, 3.6 and 3.7). In our proof, this technique is employed
in an essentially the same manner, and is contained in Lemma 3.6 and Proposition
3.4.
For the archetypal case of the automorphism group of the commutative polyno-
mial algebra K[x1, . . . , xn], the situation is as follows.
Let L = L(t) be a curve of linear automorphisms, i.e. a curve
L ⊂ Aut(K[x1, . . . , xn]),
whose points are linear substitutions. Suppose that, as t tends to zero, the i-th
eigenvalue of the matrix L(t) (corresponding to the linear changes of variables) also
tends to zero as tki, ki ∈ N. Such a family always exists.
Suppose now that the degrees {ki, i = 1, . . . n} of singularity of eigenvalues at
zero are such that for every pair (i, j), if ki 6= kj, then there exists a positive integer
m such that
either kim ≤ kj or kjm ≤ ki.
The largest such m we will call the order of L(t) at t = 0. As ki are all set to
be positive integer, the order equals the integer part of kmax
kmin
.
Let M ∈ Aut0(K[x1, . . . , xn]) be a polynomial automorphism.
Lemma 2.11. The curve L(t)ML(t)−1 has no singularity at zero for any L(t) of
order ≤ N if and only if M ∈ HˆN , where HˆN is the subgroup of automorphisms
which are homothety modulo the N-th power of the augmentation ideal (x1, . . . , xn).
The proof can be found in [26]. Also, a direct analogue of this lemma is Propo-
sition 3.4, with proof borrowing its essential features from [26].
Remark 2.12. The emergence of the singularity trick (together with the general
consideration of singularities of Ind-schemes) may be viewed as a reflection of the
infinite-dimensional nature of the problem. Indeed, in the context of finite-dimensional
algebraic groups, the most natural approach to a problem such as Conjecture 1.1
would be the construction of a morphism which induces an isomorphism of the Lie
algebras. However, as was pointed out in [1] (specifically in Section 3 and also in
Remark 2 of [1]), the naive infinite-dimensional translation of this approach is un-
satisfactory. In fact, the Lie algebras (defined as the algebras of derivations) of Wn,Q
and Pn,Q are not isomorphic to each other. Therefore, the positivity of Conjecture
1.1 leads to the breakdown of the Lie algebra isomorphism approach typical of finite-
dimensional cases. This pathological infinite-dimensional effect could be the result
of the Ind-schemes being singular at every point [1].
We now turn to the definition of the candidate homomorphism for Conjecture
1.1.
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2.5 Homomorphism Φ
As mentioned in the introduction, the homomorphism
Φ : AutWn,C → AutPn,C
is constructed by means of a certain ultraproduct decomposition. The few items
needed are hereby presented. The detailed discussion and proofs can be found
in [23] or in [4].
Let U ⊂ 2N be a fixed non-principal ultrafilter on the set of positive integers
(which is the index set for the sequences and the product defined below). The
ultrafilter U induces an equivalence relation on the set of all countable sequences of
prime numbers: if
(pm) = {p1, . . . , pm, . . .} and (qm)
are two sequences, they are equivalent modulo U if the set
{m : pm = qm}
is in U . Since U is non-principal, the equivalence ∼U partitions the set of all prime
number sequences into equivalence classes which will be of two types: classes that
contain a (necessarily unique) stationary sequence and classes whose every repre-
sentative is unbounded.1 The classes [p] of the second kind are referred to as infinite
primes. The name is in agreement with the notion of prime element in the ring ∗Z
of hyperintegers, which can be obtained as the quotient of the direct product of a
countable set of copies of Z modulo the minimal prime ideal
(U) = {(am) ∈
∏
m∈N
Z : the set {m : am = 0} is in U}.
The fact that (U) is a minimal prime ideal is true as long the components in the
direct product are integral domains. If all the components are fields, then (U) is
also maximal, since the product of fields is always von Neumann regular. Note also
that taking the quotient by (U) is the same as partitioning into classes modulo U
in the sense of the equivalence relation defined above.
Let (pm) be a prime number sequence which defines an infinite prime [p] with
respect to the fixed ultrafilter U . Consider, for each pm in the sequence, the alge-
braically closed field Fpm of characteristic pm. The following lemma is true.
Lemma 2.13. The ultraproduct (∏
m∈N
Fpm
)
/ U
has cardinality of the continuum and is an algebraically closed field of characteristic
zero.
The algebraic closedness and characteristic zero are straightforward. The cardi-
nality is a little less straightforward, the argument may be found in [23] or in [4].
As a corollary of the well-known Steinitz’s theorem, we then have
Lemma 2.14. (∏
m∈N
Fpm
)
/ U ≃ C.
1This statement is an easy consequence of the ultrafilter properties.
11
This lemma constitutes the reduction of the ground field modulo infinite prime:
the scalars are represented as modulo U classes of sequences (am), with (most of)
the elements am being algebraic over Zpm.
The next item concerns the properties of the Weyl algebra Wn,K in positive char-
acteristic. We have already mentioned that if charK = p > 0, then the center
C(Wn,K) ≃ K[z1, . . . , z2n],
where zi are p-th powers of the generators of Wn (the proof is an easy exercise).
Next, the following important property holds.
Lemma 2.15. If ϕ is an endomorphism of Wn,K (with charK = p), then
ϕ(C(Wn,K)) ⊂ C(Wn,K)
– that is, the endomorphism ϕ induces an endomorphism of the center.
An elegant proof can be found in [22] (Lemma 4).
Next we define the Poisson bracket on the center of Wn,K. Set for definiteness
K = Fp. Then the center is given by
Fp[x
p
1, . . . , x
p
n, d
p
1, . . . , d
p
n]
(xi and dj are Weyl algebra generators) and therefore contains as a subalgebra the
algebra
Zp[x
p
1, . . . , x
p
n, d
p
1, . . . , d
p
n]
of polynomials over Zp. Now, for any two elements a, b ∈ Zp[x
p
1, . . . , x
p
n, d
p
1, . . . , d
p
n],
define
{a, b} = −ρ
(
[a0, b0]
p
)
.
Here
ρ : Wn,Z →Wn,Zp
is the (usual) modulo p reduction of the Weyl algebra over Z, and a0 and b0 are
elements of Wn,Z in the pre-images ρ
−1(a0) and ρ
−1(b0), respectively. It can be
checked that the bracket is well defined, and the bracket admits a straightforward
extension to the entire center. It is also bilinear, takes values in the center, and
satisfies the required Leibnitz and Jacobi identities. Finally, it is standard in the
sense that
{dpi , x
p
j} = δij .
As the Poisson bracket on the center is induced by the Weyl algebra commutator,
the following lemma holds.
Lemma 2.16. If ϕ is an endomorphism of Wn,Fp, then the induced endomorphism
ϕc of the center C(Wn,Fp) preserves the Poisson bracket.
The last item is the ultraproduct of Weyl algebras. Just as with fields, the
ultrafilter U induces a congruence on the direct product of Weyl algebras, so that
one may define the algebra
An(U , [p]) =
(∏
m∈N
An,Fpm
)
/U .
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As the coefficients of elements of An(U , [p]) take values in
(∏
m∈N Fpm
)
/ U , the
algebra An(U , [p]) is a C-algebra, which contains the Weyl algebra Wn,C as a proper
subalgebra (of sums of monomials of globally bounded degree). However, unlike
Wn,C, the ultraproduct algebra has a huge center given, obviously, by the ultraprod-
uct of centers C(Wn,Fpm). Therefore:
Lemma 2.17. There is an injection
C[z1, . . . , z2n]→ C(An(U , [p])).
The homomorphism Φ is constructed in the following way. Given an endomor-
phism ϕ ofWn,C, one represents its coefficients (that is, the coefficients of the images
ϕ(xi) and ϕ(dj) in the standard C-basis) as elements of the reduced direct prod-
uct
(∏
m∈N Fpm
)
/ U and constructs from them an array of endomorphisms ϕpm
of Wn,Fpm (as there are only finitely many constraints on the coefficients of ϕ, this
reconstruction will be possible for almost all – in the sense of U – indices m). Then
one restricts to the center to obtain ϕcpm . Since these will be endomorphisms of
bounded degree, they will give an endomorphism
C(An(U , [p]))→ C(An(U , [p]))
of the center of the ultraproduct algebra which will map its subalgebra C[z1, . . . , z2n]
to itself.
One could stop here and denote the resulting symplectomorphism of C[z1, . . . , z2n]
by Φ(ϕ); we will, however, slightly twist the morphism in order to get rid of the
explicit dependence of the choice of infinite prime [p]. Note that in characteristic
p the correpsondence ϕ 7→ ϕc, when ϕ is a linear change of variables (given by
a symplectic matrix A = (aij)), produces a symplectomorphism whose matrix is
Ac = (apij). If one applied the inverse Frobenius automorphism to the scalars (takes
the p-th root), one would recover a symplectomorphism given by exactly the same
set of coordinates (entries of the matrix in this case) as that of the Weyl algebra
morphism. Now, any automorphism of the base field induces an automorphism of
the algebra, so this added procedure does not ruin the homomorphic property of the
correspondence.
Combined in the ultraproduct, the (inverse) Frobenius automorphisms give rise to
an automorphism of C, which again induces an automorphism of the algebras. The
entire correspondence now consists of the following steps: start with a Weyl algebra
automorphism, take it to the ultraproduct, restrict to the center by ϕ 7→ ϕc (for
almost all pm), twist by inverse Frobenius, reassemble as a C-symplectomorphisms.
Denote the resulting homomorphism by Φ(ϕ). By Lemma 2.16, Φ(ϕ) preserves
the Poisson bracket – in other words, it is a symplectic map. To complete the
construction, we state the following lemma, which is proved as part of the main
proposition of [23].
Lemma 2.18. The resulting polynomial endomorphism Φ(ϕ) is an automorphism
if and only if ϕ is an automorphism.
This concludes the definition of the homomorphism Φ which is our candidate for
Conjecture 1.1.
Some of the properties of Φ may be established right away, without the need for
a complicated development such as approximation and lifting. For the proof of the
next proposition, cf. [1].
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Proposition 2.19. Φ is injective.
Surjectivity of Φ would imply Conjecture 1.1; there seems to be no direct way to
obtain this result (in a manner similar to some of the proofs of [22], for instance).
Constructing an inverse homomorphism via approximation and lifting of symplec-
tomorphisms was viewed as a more viable approach.
It is interesting to note another conjecture in connection to the morphism Φ, or
rather to the way it is constructed.
Conjecture 2.20. The homomorphism Φ is independent of the choice of infinite
prime [p].
The conjecture is not vacuous, for while we did get rid of the explicit depen-
dence of the coefficients on [p] by inverse Frobenius twist, the construction of Φ
via a reduced direct product decomposition allows for an implicit dependence in
the following way. Observe that at the stage of decomposed automorphism ϕ (with
induced positive characteristic automorphisms ϕpm for almost all pm), the place pm
(i.e. the value pm at index m) could have an influence on which monomials are not
zero in the images ϕpm(xi), and while the highest-degree monomials do not change
(which follows easily if one recalls what ϕ 7→ ϕc is for every p and keeps in mind
the commutation relations), it cannot be readily obtained that the rest of the mono-
mials are fixed. Any direct approach to nail down these lower-degree places seems
to be insufficient, therefore an indirect method of handling the places, by means of
discovering certain rigid properties of Φ, has to be implemented. This is what has
been done by us recently, and Conjecture 2.20 is indeed positive. The conjecture
is the subject of our work [4], and the proof (specifically its later stage) ultimately
uses the properties of the same augmented versions of Wn and Pn we present in this
paper.
We finish this subsection by formulating the crucial theorem which allows Φ to
be used in the subsequent development of lifting. It first appeared and was proved
in [1].
Theorem 2.21. The homomorphism Φ induces an isomorphism of the tame sub-
groups:
Φ : TAutWn,C
∼
−→ TAutPn,C.
The theorem makes lifting of tame symplectomorphisms possible at once, and the
approximation as developed in [6] allows lifting of arbitrary symplectomorphisms to
automorphisms of power series completion of Wn, so that a local version of Conjec-
ture 1.1 holds.
To conclude this subsection, we state the following theorem.
Theorem 2.22. The mappings
ΦN : Aut
≤N Wn,C → Aut
≤N Pn,C
induced by Φ are morphisms of algebraic varieties.
The proof can be found in [4]. This theorem has an exact (and crucial to our
approach) analogue in the setting of the quantized algebras Wn and Pn, which we
state for the reference in the next section.
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3 Augmented Weyl algebra structure
In order to resolve the symplectomorphism lifting problem and construct the inverse
to the homomorphism Φ, we introduce the augmented and skew augmented Weyl
and Poisson algebras.
The augmented, or h-augmented Weyl algebra W hn,C is defined as the quotient of
the free algebra on (2n + 1) indeterminates C〈a1, . . . , an, b1, . . . , bn, c〉 by the two-
sided ideal generated by elements
aiaj − ajai, bibj − bjbi , biaj − ajbi − δijc, aic− cai, bic− cbi.
The algebra W hn,C, in other words, differs from Wn,C in the form of the commutation
relations – in the case ofW hn,C, the coordinate-momenta pairs of generators commute
into h (which is added as a central variable to the algebra; the variable h thus some-
what resembles the Planck constant) – and one can return to the non-augmented
algebra Wn,C by specializing the augmentation parameter to h = 1. The augmented
Poisson algebra, denoted by P hn,C, is defined similarly: one adds the variable h to the
commutative polynomial algebra of 2n generators and endows it with the Poisson
bracket defined as:
{pi, xj} = hδij .
It can be verified that these new algebras behave in a way almost identical to the
one we described in the prequel; in particular, the notions of tame automorphism,
tame (modified) symplectomorphism and homomorphism
Φ : Aut≤N(W hn,C)→ Aut
≤N(P hn,C).
(defined for a fixed infinite prime) which is identical on the tame points, are present.
We also note that the action of any h-augmented automorphism (or, correspondingly,
symplectomorphism) on h is necessarily a dilation
h 7→ λh
where λ is a constant. Indeed, the image of h cannot contain monomials proportional
to xi or pj (otherwise the commutation relations will not hold), and it cannot be a
polynomial in h of degree greater than one, as in that case Also, the proof of the
counterpart of the Theorem 2.22 is established in a similar fashion.
Theorem 3.1. The mappings
ΦhN : Aut
≤N W hn,C → Aut
≤N P hn,C
induced by Φh are morphisms of normalized algebraic varieties.
As we shall see, one can prove the counterpart to the Conjecture 1.1 for these
augmented algebras, and then demonstrate that the specialization to h = 1 yields
the isomorphism between automorphism groups of the non-augmented algebras.
The construction of the augmented version of the isomorphism, however, requires to
further modify the algebras by making the commutators between di and xj nonzero
for i 6= j.
This pair of auxiliary, skew augmented algebras, denoted byW hn,C[kij] and P
h
n,C[kij]
(which correspond to augmented Weyl and Poisson algebras, respectively), are de-
fined as follows. Let the augmented Poisson generators be denoted by ξi with
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1 ≤ i ≤ 2n, which we will call the main generators, (the passage from xi and
pj to ξi is made for the sake of uniformity of notation – and in fact, from the view-
point of the singularity trick which we use below in order to establish canonicity of
the lifting, all of these generators are on equal footing, unlike the standard form xi
and pj, for which only symplectic transformations are permitted), and let [kij] be
a skew-symmetric array (a skew matrix) of central variables. The algebra P hn,C[kij]
is generated by 2n commuting variables ξi, the augmentation variable h and the
variables [kij ] (thus being the polynomial algebra in these variables); the Poisson
bracket is defined on the generators ξi:
{ξi, ξj} = hkij.
The bracket of any element with h or with any of the kij is zero.
The skew version of the algebra Wn,C is defined analogously.
It is easily seen that the new algebras essentially share the positive-characteristic
properties with Wn and Pn, from which it follows that a mapping
Φhk : AutW hn,C[kij ]→ AutP
h
n,C[kij ]
analogous to Φ and Φh can be defined for every infinite prime [p]. In a manner
identical to the previous section it can be established that this mapping consists of
a system of morphisms of the normalized varieties Aut≤N , thus yielding the skew
augmented analogue of Theorems 2.22 and 3.1.
Theorem 3.2. The mappings ΦhkN are morphisms of normalized varieties.
The plan of the proof of the main theorem goes as follows. Given that in all three
considered cases – the non-augmented, the h-augmented and the skew augmented
case – the Ind-morphism between (the normalizations of) Ind-varieties of automor-
phisms is well defined, we will examine its properties. In particular, we are going to
establish the continuity of the morphism Φhk – or, to be more precise, its restriction
to a certain subspace – in the power series topology (defined by the choice of grad-
ing below). That result, together with the tame approximation and Φhk being the
identity map on the tame automorphisms – a property which also holds in all three
considered cases – will allow us to prove that the lifted limits of tame sequences are
independent of the choice of the converging sequence (canonicity of lifting) and then
demonstrate that the lifted limits are given by polynomials and not power series,
i.e. that the lifted limits are (skew augmented Weyl algebra) automorphisms. Effec-
tively we will establish the skew augmented version of the Kontsevich conjecture, or
rather the more relevant isomorphism between subgroups Autk of automorphisms
which act linearly on the auxiliary variables kij. Most of the conceptually non-trivial
topological machinery – namely, the singularity trick mentioned in the introduction,
are employed at this first stage. In fact, the good behavior of the skew augmented
algebras with respect to the singularity trick is the sole reason for introducing these
algebras in our proof.
Next, we will connect the skew augmented algebras with the h-augmented alge-
bras by means of a localization argument. Once this is done, the establishing of
canonicity of lifting and polynomial nature of the lifted limits in the h-augmented
case becomes a fairly straightforward affair.
Lastly, in order to demonstrate that the results for the h-augmented algebras im-
ply the Kontsevich isomorphism, we will need to specialize to h = 1. The procedure
requires some effort, and in fact extension of the domain for the constructed inverse
morphism will be needed. The procedure will finalize the proof.
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3.1 Continuity of Φhk and the singularity trick
We will now study the power series topology induced on subgroups of skew aug-
mented algebra automorphisms which are linear on kij . As usual, the topology is
metric, and it is induced by the grading specified according to the following assign-
ment of degrees to the generators:
deg h = 0,
deg kij = 2,
deg ξi = 1.
Note that since h and kij appear as products in the commutation relations, one
could assign degree two to the augmentation parameter h and degree zero to the
skew-form variables kij , in analogy with the case of augmented algebra P
h
n , while
essentially preserving the Ind-scheme structure of Aut.
The metric which induces the power series topology is defined as
ρ(ϕ, ψ) = exp(− ht(ϕ− ψ))
where
ϕ− ψ = (ϕ(ξ1)− ψ(ξ1), . . . , ϕ(ξ2n)− ψ(ξ2n), . . .)
is the algebra endomorphism defined by its images (on ξi, h and kij), and the height
ht(ϕ) of an endomorphism is defined as the minimal total degree m such that in one
of the generator images under ϕ a non-zero homogeneous component of degree m
exists.
Symbolically, we say that the power series topology is defined via the powers of
the augmentation ideal I
I = (ξ1, . . . , ξ2n, h, {kij})
just as it is so in the commutative case, when every variable carries degree one.
The system of neighborhoods {HN} of the identity automorphism in AutP
h
n,C[kij]
is defined by setting
HN = {g ∈ AutP
h
n,C[kij] : g(η) ≡ η (mod I
N)}
(here η denotes any generator in the set {ξ1, . . . , ξ2n, h, {kij}}, so that elements of
HN are precisely those automorphisms which are identity modulo terms which lie
in IN ; again, the phrase ”mod IN” is short-hand for the distance as defined above).
Similar notions of grading, topology, and system of standard neighborhoods of a
point, are valid for the algebra W hn,C[kij] (once the proper ordering of the generators
in the chosen set is fixed). The neighborhoods of the identity point for this algebra
will be denoted by GN .
The point of introducing the skew algebrasW hn,C[kij] and P
h
n,C[kij ] is that a certain
singularity analysis procedure (the singularity tricks mentioned in the introduction)
can be implemented for these algebras in full analogy with the case of the commu-
tative polynomial algebra processed in our preceding study [26], while on the other
hand there seems to be no straightforward way to execute the singularity trick for
the algebras W hn and P
h
n . Furthermore, after adjunction of k
−1
ij (together with the
entries of the inverse matrix) and extension of scalars (the localization procedure)
one can embed the h-augmented C-algebras W hn and P
h
n in the skew augmented
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algebras over the larger coefficient ring, thus connecting the h-augmented automor-
phisms with the skew augmented ones which are linear on kij , as we shall see below.
We will establish the continuity of the direct morphism Φhk and perform the
singularity trick in the following stable form.
Consider the algebra P hn+1,C[kij] with (2n+2) main generators {ξ1, . . . , ξ2n, u, v}.
Let
Autu,v,k P
h
n+1,C[kij ]
denote the set of all automorphisms ϕ of P hn+1,C[kij ] such that:
1. ϕ(ξi) = ξi + Si, where Si is a polynomial (in ξi, u, v, h and kij) such that its
height with respect to {ξ1, . . . , ξ2n, u, v} is at least two.
2. ϕ(u) = u, ϕ(v) = v.
3. ϕ(kij) is a C-linear combination of kij, i.e. ϕ ∈ Autk P hn+1,C[kij ].
Define the grading as before: ξi, u, v carry degree one, h carries degree zero, and
kij carry degree two.
Denote by Hu,v,kN the subgroups of Autu,v,k P
h
n+1,C[kij] consisting of elements which
are the identity map modulo terms of height N with respect to the grading de-
fined above. Also, the definition is repeated for the skew augmented Weyl algebra
W hn+1,C[kij]; the resulting subgroups are denoted by G
u,v,k
N .
The purpose of the singularity trick set up below is the proof of the following
result, which establishes continuity of the direct morphism.
Proposition 3.3. If Φhk is the restriction of the direct morphism to Autk, then
Φhk(Gu,v,kN ) ⊆ H
u,v,k
N
for every N .
The singularity trick is essentially a criterion for an automorphism ϕ to be an
element of Hu,v,kN , expressed in terms of asymptotic behavior of certain parametric
families associated to it. The parametric families of automorphisms are constructed
from ϕ by conjugating it with C-linear changes of the main generators (the latter
are given by the set {ξ1, . . . , ξ2n}). Such parameterized variable changes are given
by (2n + 2) by (2n+ 2) matrices Λ(t) with
(ξ1, . . . , ξ2n, u, v) 7→ (ξ1, . . . , ξ2n, u, v)Λ(t)
representing the action (such transformations of the main generators induce appro-
priate mappings of [kij ]). Note that if ϕ is in H
u,v,k
N , then the conjugation by Λ(t)
is also in Hu,v,kN , as the action upon u and v is that of Λ(t) ◦ Λ(t)
−1.
We are going to examine the behavior of such one-parameter families near sin-
gularities of Λ(t).
Suppose that, as t tends to zero, the i-th eigenvalue of Λ(t) also tends to zero as
tmi , mi ∈ N.
Let {mi, i = 1, . . . 2n + 2} be the set of degrees of singularity of eigenvalues of
Λ(t) at zero. Suppose that for every pair (i, j) the following holds: if mi 6= mj , then
there exists a positive integer M such that
either miM ≤ mj or mjM ≤ mi.
We will call the largest such M the order of Λ(t) at t = 0. As mi are all set to be
positive integer, the order equals the integer part of mmax
mmin
.
We now formulate the criterion
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Proposition 3.4 (Singularity trick). An element ϕ ∈ Autu,v,k P
h
n+1,C[kij] belongs to
Hu,v,kN if and only if for every linear matrix curve Λ(t) of order ≤ N the curve
Λ(t) ◦ ϕ ◦ Λ(t)−1
does not have a singularity (a pole) at t = 0.
Proof. Suppose ϕ ∈ Hu,v,kN and fix a one-parametric family Λ(t). Without loss of
generality, we may assume that the first 2n main generators {ξ1, . . . , ξ2n} correspond
to eigenvectors of Λ(t). If ξi denotes any of these main generators, then the action
of Λ(t) ◦ ϕ ◦ Λ(t)−1 upon it reads
Λ(t)◦ϕ◦Λ(t)−1(ξi) = ξi+t
−mi
∑
l1+···+l2n=N
al1...l2nt
m1l1+···+m2nl2nPi(ξ1, . . . , ξ2n, h, kij)+Si
where Pi is homogeneous of total degree N (in the previously defined grading) and
the height of Si is greater than N . One sees that for any choice of l1, . . . , l2n in the
sum, the expression
m1l1 + · · ·+m2nl2n −mi ≥ mmin
∑
lj −mi = mminN −mi ≥ 0,
so whenever t goes to zero, the coefficient will not go to infinity. The same argument
applies to higher-degree monomials within Si.
The other direction is established by contraposition. Assuming ϕ /∈ Hu,v,kN , we
need to prove the existence of linear curves with suitable eigenvalue behavior near
t = 0 which create singularities via conjugation with the given automorphism.
Suppose first that the image of ξ1 under ϕ possesses a monomial which is not
divisible by ξ1 or any k1j (j 6= 1). Then one can take m1 and m2 < m1 such that
(N + 1)m2 ≥ m1 ≥ Nm2
and set the curve Λ(t) to be given by a diagonal matrix with entries tm1 , tm2 , tm2 , . . ..
It is easily checked that conjugation of ϕ by this curve creates a pole at the coefficient
of the chosen monomial.
The general case can be reduced to this special case by means of transformations
of the form (λ and δ are suitable constants)
ξ1 7→ ξ1 + λu+ δv,
kij 7→ kij, 1 < i, j ≤ 2n,
k1j 7→ k1j + λk2n+1,j + δk2n+2,j,
k1,2n+1 7→ k1,2n+1 + δk2n+2,2n+1,
k1,2n+2 7→ k1,2n+2 + λk2n+1,2n+2.
Conjugation with these transformations create in the image of ξ1 under the resulting
automorphism a monomial from the previous case. In order to obtain the curve
Λ(t) from the diagonal curve acting on the conjugated automorphism, one needs
only conjugate it with the inverse of the above transform. The singularity trick is
proved.
The skew augmented Weyl algebra counterpart of the singularity trick is valid.
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Corollary 3.5. An element ϕ ∈ Autu,v,kW
h
n+1,C[kij] belongs to G
u,v,k
N if and only if
for every linear matrix curve Λ(t) of order ≤ N the curve
Λ(t) ◦ ϕ ◦ Λ(t)−1
does not have a singularity at t = 0.
The proof of this statement is essentially the same as that of Proposition 3.4.
Note that thanks to the choice of grading – the one in which the degree of all kij
is two – the reordering of the non-commuting variables in a word cannot produce
monomials of smaller total degree.
The implementation of the singularity trick in the proof of Proposition 3.3 re-
quires also the following general fact.
Lemma 3.6. Let
Φ : X → Y
be a morphism of affine algebraic sets, and let ϕ(t) be a curve (more simply, a one-
parameter family of points) in X. Suppose that ϕ(t) does not tend to infinity as
t→ 0. Then the image Φϕ(t) under Φ also does not tend to infinity as t→ 0.
The proof of the Lemma is an easy exercise and is left to the reader.
Proposition 3.3 is now an elementary consequence of the above Lemma together
with the singularity trick (Proposition 3.4 and Corollary 3.5). Indeed, let us assume
the contrary – i.e. that for some N
Φhk(Gu,v,kN ) * H
u,v,k
N .
Then there exists an element ϕ ∈ Gu,v,kN such that its image Φ
hk(ϕ) /∈ Hu,v,kN . By
Proposition 3.4, there is a linear automorphism (matrix) curve Λ(t) of order ≤ N
such that the curve
Λ(t) ◦ Φhk(ϕ) ◦ Λ(t)−1
has a pole at t = 0. Since Φhk is point-wise stable on linear variable changes, the
latter curve is the image under Φhk of the curve
Λ(t) ◦ ϕ ◦ Λ(t)−1.
By our assumption, ϕ ∈ Gu,v,kN ; therefore, by Corollary 3.5, the curve above has no
singularity at t = 0. But then the statement that the curve
Λ(t) ◦ Φhk(ϕ) ◦ Λ(t)−1
– which is the image of the former curve under the morphism Φhk – has a singularity
at t = 0 yields a contradiction with Lemma 3.6. Proposition 3.3 is proved.
The immediate consequence of Proposition 3.3 is the following result.
Theorem 3.7. The mapping
Φhk : Autu,v,kW
h
n,C[kij ]→ Autu,v,k P
h
n,C[kij]
is continuous in the power series topology defined at the start of the section.
This was the main objective of the singularity trick, and this result will provide
the means to establish the canonicity of the symplectomorphism lifting procedure
we define in the next subsection.
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3.2 Lifting in the h-augmented and skew augmented cases
We now proceed with the resolution of the symplectomorphism lifting problem for
both augmented and skew augmented algebras. More specifically, we will show how
the results of the singularity analysis procedure conducted in the previous subsection
provide for a way to construct the inverse to the homomorphisms Φh and Φhk.
Suppose given an automorphism ϕ ∈ AutP hn,C of the h-augmented Poisson al-
gebra. Without loss of generality, we may assume that the linear part of ϕ is the
identity matrix: indeed, one can compose ϕ with tame automorphisms (tame ap-
proximation of automorphisms of P hn,C is valid according to an argument similar to
that of [6]), so that the linear part of the resulting automorphism is the identity
map; also the morphism Φh is point-wise stable on tame automorphisms.
We add two more h-Poisson variables (and lift ϕ to an automorphism of the new
algebra by demanding it be stable on the new generators) and, correspondingly,
consider the skew Poisson version – the algebra P hn+1,C[kij] with the last two variables
denoted by u and v. Our objective is to realise the algebra P hn,C as a subalgebra
in an appropriate localization of P hn+1,C[kij]. To that end, we consider the algebra
P hn+1,C[kij] and transform the main generators
{ξ1, . . . , ξ2n, u, v}
to
{x1, . . . , x2n, u, v}
with {xi, u} = 0 and {xi, v} = 0. The change of the generating set is required to
properly define the action of ϕ, so that it will be an automorphism and will be
in agreement with the conditions of Proposition 3.3. The variable change is done
according to
xi = ξi − αiu− βiv
with αi = ki,2n+2k
−1
2n+1,2n+2 and βi = −ki,2n+1k
−1
2n+1,2n+2 for i = 1, . . . , 2n. We ex-
tend the coefficient ring by adding the necessary variables. The new generators
{x1, . . . , x2n} commute according to
{xi, xj} = h(kij − αjki,2n+1 + αikj,2n+1 − βjki,2n+2+
βikj,2n+2 + (αiβj − αjβi)k2n+1,2n+2) = hk˜ij .
Note that the new commutation relation matrix, which we denote by [k˜ij ]
2, is again
skew-symmetric, and that its entries are C-polynomial in the entries of the initial
matrix and their inverses.
We now reduce the matrix [k˜ij] to the standard form (corresponding to the algebra
P hn ) by transforming {x1, . . . , x2n} to {q1, . . . , qn, p1, . . . , pn} with
{pi, qj} = hδij .
The new variables pi and qj are expressed as linear combinations of x1, . . . , x2n with
coefficients in the appropriate polynomial ring.
The algebra P hn,C is therefore a subalgebra of the algebra generated by
{q1, . . . , qn, p1, . . . , pn, u, v}
2We exclude u and v, so that i and j run from 1 to 2n.
(together with h as the augmentation variable), as the Poisson bracket takes its
proper form after the standard form reduction, while C is a subring of the coefficient
ring.
We extend our automorphism ϕ to act on this algebra: on pi and qj its action
is given by definition, and we impose ϕ(u) = u, ϕ(v) = v and ϕ(kij) = kij . Thus,
starting from ϕ we have arrived at an automorphism ϕ¯ of the localized skew Poisson
algebra.
With respect to the skew augmented algebra generator set {ξ1, . . . , ξ2n, u, v} this
automorphism is generally not polynomial in kij, although it always will be poly-
nomial in h. In order to construct from it an automorphism of the skew algebra,
we need to get rid of the denominators first. This is accomplished by the following
lemma.
Lemma 3.8. For every ϕ¯ constructed as above, there is a polynomial P in kij, such
that conjugation of ϕ¯ with the transformation
(ξ1, . . . , ξ2n, u, v) 7→ (Pξ1, . . . , P ξ2n, Pu, Pv), h 7→ P
2h
is polynomial in kij. The polynomial P depends only on the two systems of algebra
generators.
Proof. Indeed, the denominators in the expression for ϕ¯ are polynomial in kij coming
from the separation of the (u, v)-plane and the standard form reduction (at which
point the determinant of [k˜ij] makes its contribution). One can therefore find appro-
priate P (kij) to cancel these denominators. Furthermore, the polynomial P depends
only on the two generator systems – more specifically, on the transformation matrix
between those systems.
We denote the result of the conjugation of Lemma 3.8 by ϕP . The images of the
main generators (both in the cases of the initial – skew – generators as well as those
which correspond to the standard form) under ϕP are, by Lemma 3.8, polynomial
in kij, and are also by construction polynomial in h.
The automorphism ϕP , when acting upon the standard form generators
{q1, . . . , qn, p1, . . . , pn}
can be viewed as an automorphism of the h-augmented Poisson algebra P hn,C[{hkij}]
over the polynomial ring C[{hkij}]. The Z-grading of this algebra is specified by
assigning degree 1 to the main generators and degree 0 to h and all kij. As an
automorphism of this Poisson algebra, ϕP admits, by an argument virtually identical
to the main result of [6], a tame automorphism (symplectomorphism) sequence
converging to it in the power series topology induced by the above grading. Let
us fix such a sequence and denote it by {ψm}.
Every element ψk of the tame sequence is such that the images under ψm of the
generators {q1, . . . , qn, p1, . . . , pn} are polynomial in h and kij. Importantly, the tame
sequence {ψm} converging to the C[{hkij}]-automorphism ϕP can be connected to
the original h-augmented symplectomorphism ϕ by inversion of the procedure which
leads to the definition of ϕP . Precisely, we have the following statement.
Proposition 3.9. For every ϕ and every sequence {ψm} converging to ϕ
P as above,
there is a sequence {σm} of tame C-symplectomorphisms of Pn,C converging to ϕ
with respect to the topologies with deg h = 0 and deg h = 2.
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Proof. The sequence {σm} is constructed from {ψm} by reversing the conjugation
by P and disposing of the stable variables u and v. We note that the conjugation
is a group homomorphism, which means that it suffices to prove that the reverse
conjugation disposes of kij in every elementary tame automorphism (as ψm are com-
position of elementary automorphisms). The latter property, however, is obvious.
The convergence of {σm} follows immediately from Lemma 3.8 and Lemma 3.10
below.
When acting upon the localized skew Poisson algebra generators {ξ1, . . . , ξ2n},
the augmented symplectomorphisms ψm need not be polynomial in kij , and there-
fore ψm are not in general images of automorphisms of the skew Poisson algebra
under localization. This is remedied by application of Lemma 3.8: one can find a
polynomial P1 in the variables kij, such that the conjugation of every element ψm
of the tame sequence with the mapping
(ξ1, . . . , ξ2n, u, v) 7→ (P1ξ1, . . . , P1ξ2n, P1u, P1v), h 7→ P
2
1 h
yields an automorphism of the localized skew Poisson algebra polynomial in kij.
Again, as in Proposition 3.9, one can return to a sequence of tame symplectomor-
phisms of Pn,C by reversing the conjugation.
We then have the following statement.
Lemma 3.10. The sequence {ψP1m } converges to the conjugated automorphism (ϕ
P )P1
in the power series topology with deg h = deg kij = 0 as well as in the power series
topology with deg h = 0, deg kij = 2.
Proof. The first half of the statement follows from the construction of the tame
sequence and from the observation that, due to the fact that the two coordinate
systems are connected by a transformation that has zero free term, the height of the
polynomials P and P1 is at least one.
One then obtains convergence in the power series topology relevant to the singu-
larity trick (Proposition 3.3) from that in the approximation power series topology
by noting that giving a non-zero degree to kij may only make the consecutive ap-
proximations closer to the limit in the corresponding metric.
The sequence {ψP1m } can, due to its polynomial character with respect to kij,
be thought of as a sequence of tame automorphisms of the skew Poisson algebra
P hn+1,C[kij] over C converging to (ϕ
P )P1. We now take the pre-image of the sequence
{ψP1m } under the morphism Φ
hk to obtain the sequence
{σ′m} = {(Φ
hk)−1(ψP1m )}
of automorphisms of the skew augmented Weyl algebra W hn+1,C[kij]. We now may
take the formal limit of this sequence, which is ostensibly dependent on the choice
of the convergent tame sequence {ψm}, apart from the point ϕ itself. This limit,
which we denote by
ΘhP (ϕ, {ψm})
to reflect the dependence on the sequence, is given by formal power series in the skew
augmented Weyl generators. Applying the inverse to the conjugations performed
earlier and disposing of the stable variables (whose presence is justified by the form
of the singularity trick and is therefore needed in the proof of independence of the
choice of the convergent sequence, as we shall see below), we arrive at a vector of
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formal power series (the entries of which correspond to images of the generators) in
the generators of the h-augmented Weyl algebra W hn,C.
The most important consequence of Theorem 3.7 is the independence of the lifted
sequence’s formal limit of the choice of the approximating tame sequence {ψm}. We
have the following proposition.
Proposition 3.11. Let ϕ be an automorphism of P hn,C and let
ψ1, . . . , ψm, . . .
and
ψ′1, . . . , ψ
′
m, . . .
be two sequences of tame automorphisms which converge to ϕP as in the construction
above. Then the lifted sequences
{(Φhk)−1(ψP1m )} and {(Φ
hk)−1(ψ′P1m )}
converge to the same automorphism of the power series completion of the skew aug-
mented Weyl algebra. This means that one must have(
(Φhk)−1(ψP1m )
)−1
◦ (Φhk)−1(ψ′P1m ) ≡ Id (mod I
N(k))
with N(k)→∞ as k →∞.
Proof. This result follows immediately from the continuity of Φhk established in the
previous subsection.
The meaning of this Proposition to the symplectomorphism lifting problem is
clear: in our construction, the formal limit
ΘhP (ϕ, {ψm})
is independent of {ψm} and is therefore a well-defined function of the point ϕ.
Furthermore, as can be inferred directly from the tame approximation, this func-
tion is homomorphic – it preserves the group structure given by composition of
automorphisms. As the conjugations are also homomorphisms, we conclude that
h-augmented symplectomorphisms ϕ ∈ AutP hn,C are lifted homomorphically to en-
domorphisms of the power series completion Wˆ hn,C of the h-augmented Weyl algebra.
For an augmented symplectomorphism ϕ, we denote its image with respect to the
lifting map by
Θh(ϕ).
Our next objective is to demonstrate that for every symplectomorphism ϕ, the
image Θh(ϕ) under the lifting map is in fact an automorphism of the h-augmented
Weyl algebra. In fact, it remains to show only that the generator images with
respect to Θh(ϕ) cannot be given by infinite series: indeed, that would imply that
Θh(ϕ) is an h-augmented Weyl endomorphism; the invertibility of the lifted mapping
follows from the canonicity of lifting: indeed, Θh not only preserves compositions but
also maps inverses to inverses, therefore for any symplectomorphism ϕ the mapping
Θh(ϕ−1) will be the inverse of Θh(ϕ).
Alternatively, one can arrive at the invertibility after one shows the polynomial
character of the lifted endomorphism: it is known [2,23] that the direct morphism Φ
– and hence, by a straightforward extension of the argument in the aforementioned
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work, its augmented analogue Φh – distinguishes automorphisms, i.e. the image of
a non-automorphism cannot be an automorphism.
The main properties of the mapping Θh can now be summarized in the following
way.
Proposition 3.12. 1. There exists a well-defined mapping Θh whose domain is
AutP hn,C and whose codomain lies in the set of automorphisms of the power series
completion of W hn,C.
2. Θh is a group homomorphism.
3. For a fixed ϕ, the coordinates of Θh(ϕ) – i.e. the coefficients with respect to
the fixed generator basis decomposition – are given by polynomials in the coordinates
of ϕ.
4. The skew augmented analogue Θhk of Θh is continuous in the power series
topology.
Proof. The first two statements follow immediately from the construction. The third
statement follows from the fact that the lifting is independent of the approximating
sequence: indeed, that implies that the coefficients of the lifted limit are read off
any valid approximating sequence, or more precisely its finite subset (consisting of
first several elements, as the limit symplectomorphism is polynomial). But then the
coefficients are polynomial in the coordinates of the lifted tame elements, and since
only a finite number of them suffices, they are also polynomial in the coordinates of
the initial symplectomorphism.
The continuity of Θhk is established in a manner identical to that of Φhk – namely
with the help of Proposition 3.4 a proof similar to that of Theorem 3.7 can be
executed. Note that it follows from the third statement of this Proposition that Θhk
fulfills the conditions of Lemma 3.6, therefore by combining the previously proved
statements with the analogous steps for the lifting map, one can show that
Φhk(Gu,v,kN ) = H
u,v,k
N .
3.3 The lifted limit is polynomial
We proceed with establishing the polynomial character of the image Θh(ϕ).
Theorem 3.13. Let
Θh : AutP hn,C → Aut Wˆ
h
n,C
be the lifting homomorphism constructed in the previous section and let, as before,
x1, . . . , xn, d1, . . . , dn, h denote the generators of W
h
n,C together with its deformation
parameter. Then, for every augmented symplectomorphism ϕ ∈ AutP hn,C, the images
Θh(ϕ)(x1), . . . ,Θ
h(ϕ)(dn)
are polynomials in xi, di and h.
Proof. Suppose that, contrary to the statement of the theorem, for a fixed ϕ there
is an index i such that, say,3 Θh(ϕ)(xi) is a true infinite series of Weyl monomials.
3The case for di is processed analogously.
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Let λ be a parameter and let
τλ : (x1, . . . , dn, h) 7→ (λx1, . . . , λdn, λ
2h)
denote the family of dilation transformations parameterized by λ. For fixed ϕ, define
ϕλ = τ
−1
λ ◦ ϕ ◦ τλ
to be the parametric family of h-augmented symplectomorphisms constructed by
conjugating ϕ with the dilations.
We introduce a pair of auxiliary variables u and v, {v, u} = h (their Weyl counter-
parts will be also denoted by u and v – obviously it does not create any ambiguities)
and, for a fixed large enough positive integer k, define the following parametric
family of linear transformations
ψλ : u 7→ u+ λ
kxi, pi 7→ pi − λ
kv
(all other generators are unchanged). As always, we extend the action of ϕ to the
auxiliary variables by setting ϕ(u) = u and ϕ(v) = v (while the dilation extends
to (u, v) 7→ (λu, λv)). Consider the following parametric family of h-augmented
symplectomorphisms:
ϕt,λ = ϕλ ◦ ψλ ◦ ϕ
−1
λ .
The conjugation of ϕ by the inverse to the dilation τλ amounts to multiplying each
homogeneous component of degree m by λ1−m. Therefore (as ϕ is polynomial) for
large enough k, the curve ϕt,λ can be continuously extended by its limit at λ = 0
– namely, by the identity symplectomorphism. Continuity is understood in the
sense of continuous dependence of coordinates of the symplectomorphism on the
parameter.
Now, the image of u under the lifted curve Θh(ϕt,λ) is
u+ λkΘh(ϕλ)(xi)
and, as by assumption Θh(ϕ)(xi) is an infinite series, is itself an infinite series. But
since Θh is identical on linear transformations, we have
Θh(ϕλ) = τ
−1
λ ◦Θ
h(ϕ) ◦ τλ
from which it follows that in the image Θh(ϕt,λ)(u) there will be monomials with
coefficients proportional to λ−m for m greater than any fixed arbitrary natural num-
ber.
However, it follows from the third statement in Proposition 3.12 that the coor-
dinates (i.e. coefficients of Weyl monomials) of the lifted symplectomorphism are
continuous functions of the coordinates of the symplectomorphism, therefore since
the curve ϕt,λ is regular at λ = 0, then so must also be its image under Θ
h – a
contradiction.
We can now combine this theorem with the results of the previous subsection.
Theorem 3.14. The lifting homomorphism Θh is the inverse to the direct homo-
morphism Φh.
Proof. Indeed, Theorem 3.13 shows that the compositions Φh ◦Θh and Θh ◦ Φh are
well defined. In order to prove that, say, Φh ◦ Θh = Id one changes the basis of
generators (and handles the extension of the base ring as in the prequel) to that
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of the skew augmented algebra and uses the fact that Φhk ◦Θhk coincides with the
identity map on the dense subset of tame symplectomorphisms and hence must be
the identity map everywhere (the spaces in question are metric spaces, in particular
they are Hausdorff).
This theorem has one important corollary.
Corollary 3.15. The lifting map Θh and the direct map Φh are consistent with
modulo infinite prime reductions. That is, for any symplectomorphism ϕ, almost
all its modulo pm (m in the index set in the ultraproduct decomposition) reductions
coincide with the (twisted by inverse Frobenius) restrictions to the center of the
modulo pm reductions of its lifting Θ
h(ϕ).
Proof. This statement is essentially a reformulation of Theorem 3.14, if one takes
into account the construction of Φh – the image of the Weyl algebra automorphism
being reconstructed from the ultraproduct of positive characteristic automorphisms
restricted to the center.
Remark 3.16. Alternatively, one could come up with a line of reasoning more
conforming to the combinatorial side of the constructions employed thus far. If
there were a symplectomorphism ϕ which, after lifting and subsequent direct homo-
morphism action (ultraproduct decomposition followed by restriction to the center)
produces a different symplectomorphism ϕ′, then one may take a sequence of ele-
mentary symplectomorphism whose total action on ϕ maps it to an element which
is the identity map modulo terms of degree N . If ϕ′ 6= ϕ, then the action of the
same elementary sequence on ϕ′ will produce an element which admits a term of
degree 1 < M < N . The two objects are then mapped to automorphisms of the skew
augmented algebra and lifted (we also note that the mapping induced by the change
of basis is continuous, as it is in essence a dilation of generators by a polynomial
of height at least one). By the singularity trick (Proposition 3.4) such an object
can be conjugated by an appropriate linear variable change in order to produce a
singular curve. Now, by construction, the skew version of ϕ lifts to a skew Weyl
automorphism, and again by the singularity trick (essentially by the continuity of
Θhk) the lifting of the partially approximated automorphism (i.e. after the action of
the elementary automorphisms) cannot have a singularity of order ≤ N . However,
as the skew version of ϕ and ϕ′ (as well as its partial approximation) corresponds
in the ultraproduct to restrictions to the center, the restriction of an object which is
not singular of order ≤ N must also be non-singular of order ≤ N , in contradiction
with the existence of ϕ′.
The h-augmented counterpart of the Kontsevich conjecture follows at once from
Theorem 3.14.
Theorem 3.17. The homomorphism
Φh : AutW hn,C → AutP
h
n,C
is an isomorphism.
As the map Φh is closely related to the morphism Φhk of the skew augmented case,
and, correspondingly, as Θh is related to the lifting map for the skew augmented
symplectomorphisms (essentially given by ΘhP ), we obtain another important conse-
quence of Theorem 3.13.
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Theorem 3.18. Let Autk P
h
n,C[kij ] and AutkW
h
n,C[kij] denote the automorphism sub-
groups of the skew Poisson and Weyl algebras consisting of those automorphisms that
map kij to C-linear combinations of kij. Then the mapping
Φhk : AutkW
h
n,C[kij ]→ Autk P
h
n,C[kij]
is an isomorphism.
Theorem 3.18 is significant to the proof of the independence of the morphism Φ
of the choice of infinite prime given in [4].
3.4 Specialization
Now that we have established the isomorphism between the automorphism groups
of the h-augmented Weyl and Poisson algebras, the proof of the Main Theorem
reduces to specializing to h = 1. That, however, is by no means a trivial affair, as
one needs to take care not only of the automorphisms polynomial in h (for which
the existence of lifting has been established), but also of those which are polynomial
in h−1.
The necessity of extension of the domain of the lifting map can be seen from the
following argument. Suppose ϕh is an automorphism of the h-augmented algebra
P hn,C which acts as the identity map on h. Since it is stable on h, it corresponds to
an automorphism of the C[h]-algebra (where h is a parameter and not a generator,
which the can be effectively adjoined to the ground field) generated by xi, pj with
the Poisson bracket containing h. This object, after appropriate localization, maps
to an automorphism of the (augmented) Poisson algebra P hn with the ground field
C(h). On the other hand, any automorphism ϕ of Pn,C can be made into a C(h)-
automorphism ϕh by introducing a scalar h and conjugating ϕ with a mapping
x′i = hxi, p
′
j = pj.
The resulting transformation will be an automorphism of the Poisson C(h)-algebra
with the bracket as in the augmented algebra P hn , however in general the images
of the generators under this automorphism will contain negative powers of h. Its
specialization to h = 1 returns it to ϕ. Therefore, every polynomial symplecto-
morphism has a pre-image under specialization of the C(h)-algebra automorphisms.
The conclusion is that Theorem 3.17 does not immediately imply that Φ is an iso-
morphism; rather, the domain of the lifting map Θh needs to be extended to the
points with rational dependency on the augmentation parameter, at which point the
claim that Φ has an inverse given by the specialization of the extended lifting map
Θh becomes valid.
The extension of the domain is accomplished in the following way. For a sym-
plectomorphism ϕ which is rational in h, we will construct images Θh(ϕ)(xi) and
Θh(ϕ)(di) one by one by introducing auxiliary variables and twisting the symplecto-
morphism in order to create an object polynomial in h – using the fact that the action
of Θh is well defined – from which the form of the corresponding lifted generator
image may be extracted. As the procedure yields not all of the images simultane-
ously, we will need to check its canonical nature as well as verify the commutation
relations.
We fix i, 1 ≤ i ≤ n, which corresponds to the image of xi, and introduce a pair
u, v of auxiliary variables which are extra x and p with respect to the augmented
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Poisson bracket. We also add the corresponding augmented Weyl variables which
we denote by uˆ and vˆ. Let
λ = hk
be k-th power of the augmentation parameter, for large enough k. Define the auto-
morphism
ψλ : u 7→ u+ λxi, pi 7→ pi − λv.
We extend ϕ to the new algebra by its identical action on the auxiliary variables
and denote the extended map by ϕa. Consider the following twisted automorphism:
ϕt,λ = ϕa ◦ ψλ ◦ ϕ
−1
a .
As k can be taken arbitrarily large, the mapping ϕt,λ will be polynomial in h for all
k > k0 (where k0 depends on ϕ but is finite for the fixed automorphism). We can
now read off the expression for the image of xi under ϕ from the action of ϕt,λ on
the auxiliary variable u:
ϕt,λ(u) = u+ h
kϕ(xi);
the expression is polynomial in h, and ϕt,λ thus admits lifting to an automorphism
of the h-augmented Weyl algebra W hn,C. As we will show in a moment, the action of
the lifted automorphism on uˆ will be given by the expression
uˆ+ hkPi(x1, . . . , dn, h)
(Pi is polynomial in x1, . . . , dn and rational – or, more precisely, Laurent-polynomial
– in h) so that one can set
ϕˆ(xi) = Pi(x1, . . . , dn, h)
and thus, for all xi, obtain the action of the lifted symplectomorphism. Switching
the roles of xi and di allows for reconstruction of the images of di. As a result, we
get a mapping
ϕˆ : (x1, . . . , dn) 7→ (P1(x1, . . . , dn, h), . . . , Qn(x1, . . . , dn, h)).
Note, however, that as the lifting is not defined for the components in the composi-
tion (with the exception of ψλ), one cannot immediately conclude that the image of
uˆ under the lifted map will be of the form as above, or that the parts which depend
on x1, . . . , dn will combine to a well defined automorphism – these properties need
to be verified.
The first step is to ensure the constructed mapping ϕˆ is well defined (is canonical
with respect to ϕ). This property in fact follows from the consistency with modulo
infinite prime reductions given by Corollary 3.15, and is manifested in the form of
the next two lemmas.
Lemma 3.19. Suppose θ is an h-augmented polynomial symplectomorphism over
C. Denote by {θp} the sequence of characteristic p symplectomorphisms represent-
ing its modulo [p] reduction. For a generic element p in a sequence representing
[p], denote the Weyl generators by x1, . . . , xn, d1, . . . , dn and the corresponding p-th
powers generating the center of the Weyl algebra over Fp by ξ1, . . . , ξn, η1, . . . , ηn.
Then, for almost all p in [p] (in the sense of the ultrafilter), the image under θp of
every central generator admits a unique pre-image Weyl polynomial Hˆ with respect
to taking the p-th power and pulling back the coefficients by the inverse Frobenius
automorphism.
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Proof. We prove the statement for H = θp(ξi) – the case ηj is identical.
Suppose first that
θp(ξi) = ξi = x
p
i .
Then the Newton polyhedron of the image θp(ξi) has only one vertex, therefore – as
taking the p-th power only dilates the Newton polyhedron – the polynomial θˆp(xi)
must be equal to xi.
The general case uses Corollary 3.15, which states that modulo [p] reductions of
θ and its lifting θˆ are consistent – that is, for almost all p in [p], the restriction of θˆp
to the center (twisted by the inverse Frobenius acting on the coefficients) coincides
with θp. The application is as follows. Suppose
H = θp(ξi)
is the image of ξi. From Corollary 3.15 we know that
H = Fr−1∗ θˆp(x
p
i )
where Fr−1∗ is the action of the inverse Frobenius automorphism on the coefficients
of the polynomial. The last equation is equivalent to
θˆ−1p (Fr∗(H)) = x
p
i .
By the special case above, there exists a unique Weyl polynomial Gˆ such that
Gˆp = θˆ−1p (Fr∗(H)).
But then
H = Fr−1∗ (θˆp(Gˆ
p))
which is exactly what we wanted.
It will be convenient to denote the one-to-one correspondence between modulo
p reductions of central polynomials coming from characteristic zero symplectomor-
phisms with their Weyl liftings by Φhp (for this correspondence is, as evidenced by
Lemma 3.19, shares essential nature with the characteristic zero direct homomor-
phism Φh).
We now apply the above lemma in order to establish the form of the pre-image
Weyl polynomial in the case of auxiliary variables u, v and the central polynomial
of a special type.
Lemma 3.20. Let u, v denote the extra Poisson variables, and let
H = u+ hkϕ(xi)
be the image of u under the twisted automorphism coming from ϕ as above (ϕ(xi) is
rational in h but hkϕ(xi) is polynomial in h). Then the unique pre-image Hˆ of H
with respect to the correspondence Φhp of the previous lemma has the form
Hˆ = uˆ+ hkPi(x1, . . . , dn, h)
where Pi is rational in h.
Proof. We establish the statement in several elementary steps. Firstly, asH does not
contain the auxiliary variable v, Hˆ does not contain its Weyl counterpart vˆ: indeed,
otherwise the Newton polyhedron of H would contain (in the case of v carrying
great enough weight to make the corresponding monomial the highest-order term)
a vertex corresponding to the monomial containing vˆ. 4
4Note that Φhp behaves toward the Newton polyhedra as the homomorphism taking the p-th power does.
30
Now let
Hˆ = Q(uˆ) +R
where every monomial in R is proportional to generators other than u. Then
H = Φhp(Hˆ) = Φ
h
p(Q) + Φ
h
p(R),
as the two differential operators Q and R commute with each other and therefore
taking the p-th power is executed as in the commutative case. By Lemma 3.19, we
must have
Q(uˆ) = uˆ.
Finally, we show that if Hˆ contains monomials which are products of uˆ with other
generators, then Φhp(Hˆ) 6= H . Indeed, if such a monomial had a non-zero coefficient
in Hˆ, then there would exist a grading under which this monomial would be the
highest-order term (corresponding to a vertex in the Newton polyhedron). Then
the image Φhp(Hˆ) would also have a monomial corresponding to this highest-order
term with non-zero coefficient, as taking the p-th power dilates the polyhedron and
therefore maps the extremal points to extremal points.
The conclusion is that the polynomial Hˆ has the form
uˆ+ P˜i(x1, . . . , dn, h).
Taking out hk from P˜i leaves us with the form we needed.
Lemma 3.20 provides a canonical way to relate the images ϕ(xi) and ϕ(dj) of
the initial symplectomorphism with the Weyl pre-images. Therefore, as an array of
differential operators, the lifting ϕˆ is well defined. We denote the polynomials in
Weyl generators in the correspondence by
(ϕˆ(x1), . . . , ϕˆ(dn)).
We now need to verify the commutation relations in order to establish its homo-
morphic character. Again we have two lemmas.
Lemma 3.21.
[ϕˆ(xi), ϕˆ(xj)] = [ϕˆ(di), ϕˆ(dj)] = 0,
[ϕˆ(xi), ϕˆ(dj)] = 0, i 6= j.
Proof. It suffices to prove
[ϕˆ(x1), ϕˆ(x2)] = 0
thanks to the variable re-labelling and the existence of the ”Fourier transform” –
the automorphism
xi 7→ di, di 7→ −xi.
We introduce two pairs of auxiliary Poisson variables, u1, u2, v1, v2, and for λ = h
k
and k large enough consider the automorphism ψ:
u1 7→ u1 + λx1, u2 7→ u2 + λx2
p1 7→ p1 − λv1, p2 7→ p2 − λv2
(ψ acts an the identity map on the rest of the generators).
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We take the twisted automorphism
ϕt,λ = ϕa ◦ ψ ◦ ϕ
−1
a
with ψ now being the chosen linear transformation and take k to be large enough so
that the twisted automorphism is a polynomial symplectomorphism. We then lift it
with Θh to the h-augmented Weyl algebra as before.
By Lemma 3.20, the images of the Weyl counterparts uˆi (i = 1, 2) of u1, u2 under
the lifted twisted automorphism will have the form
uˆi + λTi,
the polynomials Ti do not contain the auxiliary variables and Φ
h
p(Ti) = ϕ(xi), i =
1, 2.
Now, as ϕt,λ and its lifting are automorphisms, we must have
[uˆ1 + λT1, uˆ2 + λT2] = 0
so that
[uˆ1, uˆ2] + λ([uˆ1, T2] + [T1, uˆ2]) + λ
2[T1, T2] = 0
from which it follows immediately that
[T1, T2] = 0
as desired.
Lemma 3.22.
[ϕˆ(di), ϕˆ(xi)] = h.
Proof. We proceed in an manner analogous to the previous lemma: we construct
the appropriate twisting from whose lifting the relevant images may be read off and
then evaluate the commutator.
Let u, v be auxiliary Poisson variables and let
ψ1 : u 7→ u+ λxi, pi 7→ pi − λv,
ψ2 : v 7→ v + µpi, xi 7→ xi − µu
(in both cases the other generators are mapped to themselves). Consider the com-
position
θ = ψ1 ◦ ψ2.
Then
θ(u) = u+ λxi, θ(v) = v + µpi − λµv
and
θ(xi) = xi − µu− λµxi, θ(pi) = pi − λv.
Take
ϕt,λµ = ϕa ◦ θ ◦ ϕ
−1
a
where as before ϕa extends from ϕ by the identical action on u, v. The images of
u, v under ϕt,λµ read:
ϕt,λµ(u) = u+ λϕ(xi), ϕt,λµ(v) = (1− λµ)v + µϕ(pi).
By properly selecting λ and µ as polynomials in h, we can make ϕt,λµ into a poly-
nomial h-augmented symplectomorphism and therefore lift it with Θh. Again, by
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Lemma 3.20, the action of the lifted automorphism on uˆ and vˆ will have the needed
form (with the part dependent on xi, dj given by the images under ϕˆ). Now, the
commutator of the images of uˆ and vˆ must be equal to h. We therefore have the
following:
h = [(1− λµ)vˆ + µϕˆ(di), uˆ+ λϕˆ(xi)] = h(1− λµ) + λµ[ϕˆ(di), ϕˆ(xi)]
from which the statement follows directly.
The conclusion is that augmented symplectomorphisms rational in h are lifted
to endomorphisms of the augmented Weyl algebra (also rational in h) by a homo-
morphism whose restriction to points polynomial in h coincides with Θh. What
remains to show is that the lifted mappings are automorphisms, however, this is ac-
complished by an argument similar to that for points polynomial in h (cf. discussion
immediately preceding Proposition 3.12). Also, thanks to Lemma 3.20, we known
that the lifting of points rational in h is also the inverse mapping to the extension
to these points of the direct homomorphism Φh. The specialization to h = 1 may
now be safely executed, and the Main Theorem follows.
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